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Abstract—A hybrid numerical-symbolic manipulation scheme is developed for the analysis of diffusion
problems with intrinsic randomness. The scheme is applied in the study of one-dimensional heat conduction
in fully-saturated packed beds in order to study the effects of packing disorder on the medium effective
conductivity. Conduction is modeled by a parabolic partial differential equation with random local
conductivity. Randomness originates from the spatial fluctuation of porosity near solid walls and in the
bulk region. Assuming a certain porosity statistical distribution, the steady and unsteady heat conduction
problems are solved. The steady-state solution is used to obtain both the mean value and the standard
deviation of the effective conductivity for a range of fluid to solid conductivity ratios. The mean and
standard deviation are used to interpret the scatter of experimental results found in the literature. The
unsteady heat conduction equation is discretized on a finite spatial grid and an explicit integration in time
is carried out symbolically for each time step.

INTRODUCTION

FroM THE point of view of continuum mechanics,
statistical or non-deterministic methods offer the most
economic framework for the analysis of systems with
intrinsic randomness. Candidates for such systems are
structures with complicated (or disordered) geometry,
such as composite materials or porous media. Typical
examples are fluid-saturated packed beds consisting
of random packings of solid particles. We assume that
transport processes in such media can be described by
continuum models with spatially random parameters.
Since the details of the microstructure are known only
in an average (or statistical) sense, it is in the same
sense that the solution of the governing equation is
sought. For definiteness, consider diffusion of a pas-
sive scalar through a randomly packed bed. Given the
exact location of the solid particles and the transport
coefficients in the two phases (solid-fluid), one can
(in principle) obtain the solution of the governing
diffusion equation everywhere in the domain. Owing
to the complexity of the microstructure and the uncer-
tainty of packing (i.e. the method of assembling the
packed bed), the exact solution is impossible to obtain
in a deterministic sense. Furthermore, local infor-
mation is redundant. All that is frequently required is
an estimate of the average flux of the scalar and a
description of its statistics. For example, the second
moment (as expressed by the standard deviation) is
required in addition to the mean value. The standard
deviation gives a measure of the reliability of the mean
value.

Uncertainties in materials properties and structural
geometry can be mathematically modeled as stoch-
astic processes in space, or random fields, cf.

Vanmarcke [1]. Statistical descriptors for such fields
in packed beds can be obtained, for example, from
in-situ measurements, cf. Georgiadis [2], or analytical
models of the packing, cf. Haughey and Beveridge [3].
Transport of a scalar in random fields can be described
via partial differential equations with random par-
ameters. Problems related to the formulation and
analysis of stochastic transport equations were
analyzed by researchers in the field of underground
water transport, see review by Sposito et al. [4].

In general, solutions of stochastic differential equa-
tions are difficult to obtain because the solution is
statistically correlated to the random parameters. In
practice, solution methodologies for non-deter-
ministic problems depend on the type of problem
for which they were developed. We can conveniently
divide available methodologies for problems with
intrinsic randomness into two categories: (i) per-
turbation methods; and (ii) direct methods. The first
category pertains to problems where the random part
is weak, i.e. the random component is much smaller
than the deterministic. Perturbation methods have
been applied to structural analysis, cf. Benaroya and
Rehak [5], and heat transfer, cf. Tzou [6, 7] and
Georgiadis [8]. In general, ‘weak randomness’ models
have a limited range of applicability. Let us consider,
for example, the problem of heat conduction in a
randomly packed bed consisting of a mixture of solid
beads and a fluid. If the ratio of fluid to solid thermal
conductivity 2 is close to unity, a small perturbation
scheme can be set up by using (1—4) as an infi-
nitesimally small parameter. The convergence rate of
the perturbation expansion can be improved only by
including progressively more microstructural infor-
mation on the packed bed, cf. Torquato [9]. It is

3141



3142

X. S. He and J. G. GEORGIADIS

NOMENCLATURE
a 1.4, parameter of mean porosity T..T, temperatureattheleft, rightsolid walls[K]
profile, equation (7) X horizontal coordinate [m]
A,D  coefficients in equation (23), defined by X x/H, non-dimensional horizontal
equations (24) and (25) coordinate.
b 2.0, parameter of mean porosity profile,
equation (7} Greek symbols
B porosity function, equation (5) o 32.30, probability density parameter,
D, bead diameter {m] equation (8)
f(#)  probability density function of porosity b 56.49, probability density parameter,
H half width of the packed bed [m] equation (8)
i,n integers Y D,/H, bead diameter-to-half width
K, reference effective conductivity, given ratio
by equation (4) with ¢ = ¢, [Wm ' K] At numerical time step
K, overall effective conductivity of packed Ax numerical mesh size
bed [Wm~' K~ "] 0 (T—T)/(T,,— T.), non-dimensional
K.max maximum estimate of overall temperature
conductivity, equation (30) [W m 'K~ 1] A K/ K,, fluid-to-solid conductivity ratio
K.exp experimental estimate of overall (pc),  heat capacity of the fluid-saturated
conductivity [Wm~' K~ ] packed bed [T m K]
K conductivity of the fluid phase ¢ local porosity, equation (6)
Wm-'K™" oo 0.3, mean porosity in the core region
K, conductivity of the solid phase ¢ deterministic component of local
fWm'K™Y porosity
K, local effective conductivity of packed é random component of local porosity,
bed [Wm™ 'K~ ] equation (6).
K¥ K,/ K,, non-dimensional local effective
conductivity Special symbols
N, N, total number of grid points in (#*, X'} space ') Gamma function
q heat flux [W m~7] E[],{-> mathematical expectation, mean
t time variable [s] value
* tKo/H* pc)., non-dimensional time SD[-] standard deviation
variable REV  Representative Elementary Volume,
T temperature [K] Fig. l(a).

obvious that such expansions do not converge for
widely different conductivities. Moreover, it is very
difficult to demonstrate convergence without using,
for example, Monte Carlo simulations for comparison.
Monte Carlo schemes form a whole class of direct
methods for the solution of non-deterministic prob-
lems but such methods are notoriously inefficient for
random fields; they will not concern us here.

The purpose of this article is to investigate a class of
direct methods for the solution of diffusion problems
characterized by stochastic differential equations and
by finite random variation of transport coefficients.
In general, numerical methods are required. Padovan
and Guo [10] and Padovan et al. {11] introduced
non-deterministic finite-difference and finite-element
techniques in the solution of certain steady-state heat
conduction and structural mechanics problems. They
discretized the governing equations on a finite mesh,
derived a linear algebraic system (via standard finite-
element or -difference approximations), and then form-
ally inverted the statistical matrix to obtain an ex-
plicit form of the solution. We feel that the method of

Padovan and co-workers [10, 11] is a step in the right
direction. However, it only treats ‘sparsely prob-
abilistic systems’; the formulation of the statistical
terms is such that, after the discretization, the stat-
istical matrix is not only sparse but it can also be
decoupled into a sum of deterministic matrices, each
multiplied by the random variable.

In this article, we propose a more general direct
numerical method for the solution of non-deter-
ministic diffusion problems. Although this method
can be applied to a broad class of problems described
by partial differential equations with random co-
efficients, we choose to apply it to the heat conduction
problem in fluid-saturated packed beds. We will con-
sider one dimensional conduction through a ran-
domly packed bed sandwiched between two paraliel
differentially-heated plates. This configuration is fre-
quently used to measure the so-called stagnant ther-
mal conductivity of fully-saturated packed beds. The
conductivity is formally obtained by dividing the
measured net heat flux by the imposed temperature
gradient between the plates. A literature survey of



Direct numerical solution of diffusion problems with intrinsic randomness

heat transfer experiments in packed beds [12-18] reveals
that there are significant difficulties in predicting accu-
rately the stagnant thermal conductivity of the solid—
fluid medium. Two factors contribute to this diffi-
culty: (i) packing disorder; and (ii) boundary effect.
In the following, we investigate the influence of both
factors on the temperature profile and overall heat
flux. Steady and unsteady heat conduction are exam-
ined separately. Finally, estimates of the overall ther-
mal conductivity are obtained and compared with
available experimental data.

MATHEMATICAL FORMULATION

The mathematical formulation of the heat con-
duction problem in fully-saturated packed beds is
based on a homogenized description of the sohd—fluid
medium. Making the assumption of local thermal
equilibrium, a single energy equation is derived by
averaging the energy equations for two phases over a
Representative Elementary Volume (REV). The size
of the REV defines the characteristic spatial scale for
volumetric averaging. We may note in passing that
volume averages are equivalent to the more formal
ensemble averages [8] only when the size of the REV
is much larger than the pertinent spatial correlation
scale.

We will consider a packed bed consisting of iden-
tical spherical beads stacked together ‘at random’.
This “at random’ is relative. Since it belongs to a stable
heap, cach bead has an average of 12 closest neighbors
[3]; we have short-range order. Away from solid
boundaries, the volumetric average of the void frac-
tion or porosity (percentage of interstitial space) over
a long slender columnar REV does not depend on its
location (homogeneity) and the orientation of its axis
(isotropy). In this bulk region, we can claim macro-
scopic disorder. In regions where the packed bed is in
contact with smooth walls, the macroscopic disorder
is removed and the distribution of beads is affected by
the presence of the solid boundaries. Here, we focus
on packed beds contained in the space between two
parallel walls, as depicted in Fig. 1{a). Cheng [16] has
studied the boundary effect due to the presence of the
walls from a deterministic viewpoint. We can safely
assume that the statistical distribution of the packing
density (or porosity) remains invariant along single
planes parallel to the two walls. This is equivalent to
defining planar REVs parallel to the walls, as shown
in Fig. 1{a). We can then account for the boundary
effect by allowing the statistical distribution of
medium properties (porosity and conductivity) to
vary in the direction normal to the wall.

Steady state problem

Consider the problem of one-dimensional steady
heat conduction in a randomly packed bed between
two parallel solid walls, as depicted in Fig. 1(a). The
temperatures of the walls are T, (at x = 0) and T, (at
x = 2H). The width of the bed is 2H. We denote by
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F1G. 1. (a) Schematic of the packed bed and a Representative
Elementary Volume (REV). (b) Mean porosity distribution
for two D,/H values.

K, and K; the conductivities of the solid and fluid
phase, respectively. All beads have uniform diameter
D,. Two important parameters are involved in this
study. One is A, the ratio of K; and K|, the other is 7,
the ratio of D, and H. We assume that the porosity
distribution of this problem is symmetric with respect
to the center line at x = H. Therefore, only half of the
problem (0 < x < H) needs to be considered.

By aligning the bed so that the gravity vector is
pointing towards the negative x-direction, we can
ascertain that the fluid remains practically stagnant in
the interstitial space and therefore conduction is the
only mode of heat transfer. We can describe the tem-
perature field by the following ‘effective’ equation for
the homogenized medium (solid matrix—-fluid)

5‘3; (Kx Z{g) =0 M)

with the boundary conditions
T=T, atx=0 2)
T=(T.+T,/2 atx=H. 3)

K. is the local effective conductivity which in general,
is a function of position x.

There are many {(occasionally diverging) opinions
on the issue of defining K, and how to represent it in
terms of the conductivity of the individual phases (X,
K)) or the structure of the packed bed. Since we intend
to focus on property randomness and the non-uni-
form porosity effects on the temperature distribution,
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we simply adopt the empirical formula of Zehner and
Schlunder [13] for a packed-sphere bed:

&=m%*wh¢n
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where ¢ is the local porosity and the following
expression is recommended for spherical beads

)....(!) IR
B= 1_25[—»‘(}}—»] . (%)

The above formula has been shown to give reasonable
results when the wall effect is taken into account, cf.
Cheng [16].

The spatial non-uniformity of porosity ¢ is a key
feature of our model. In most of the porous media-
related experiments, porosity is measured by using
various sampling technigues. Since the beads are ran-
domly packed, each location in the container will not
be occupied by identical configurations of beads dur-
ing every packing. We assume that the porosity profile
is a random function of position. In the theory of
random processes, one packing constitutes a single
realization. All the realizations compose a random
space. The outcome of each packing, i.c. the porosity.
is then a random variable defined on the random
space. In the context of volumetric averaging, this
is equivalent to considering the porosity distribution
along a planar REV depicted in Fig. 1(a). The stat-
istical parameters of the distribution are functions of
x. For a given x-location, the statistical parameters
can be obtained by sampling in the corresponding
REV, i.e. by considering the distribution along the
plane at a distance x from the wall.

1t is well known that the porosity is a strong func-
tion of x near the solid wall and that it remains almost
uniform (constant) a few bead diameters away {rom
the container wall (core region}. Using the results of
Haughey and Beveridge [3], Georgiadis and Catton
[19] showed that in the core region, the random vari-
ations of porosity can be approximated by the Beta
distribution. The following porosity profile satisfics
all the above requirements:

¢ =Px)+d—<P> (6)

where

Fx) = ¢0[l+acxp<~ b:])] O<x<i) (7
s

is the deterministic component of the porosity, ¢ =
1.4, b=2.0, and ¢, =0.3. The random variable ¢
accounts for the random variation of the porosity,
and (¢ is the mean value of ¢. Equation (6) implies
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that the mean porosity (¢) is equivalent to the deter-
ministic porosity ¢(x). The probability density func-
tion of the porosity variation is the Beta distribution
with zero mean:

LOFP soiig gy
Farip & 0=® (®)
where o == 32.30 and S = 56.49. The standard devi-
ation of the total porosity is 0.05077, cf. Georgiadis
and Catton [19]. In the absence of pertinent exper-
imental data, we have made the tacit assumption that
the statistics of the local porosity fluctuation are
described by the same Beta distribution {equation (8))
everywhere.

The mean porosity profiles we use in this work are
plotted in Fig. 1(b) for two different bead diameter to
bed thickness ratios. It is clear that when y = 0.37, the
wall effect on the porosity is much more severe than
that of v =0.074. The standard deviation of the
porosity is assumed to be the same for all positions
and has the value of 0.05077 as we have mentioned
previously.

An analytical solution of the system defined by
equations (1)—(3) can be easily found:

f(d)=

ﬂf‘Tc QJ' dr
b Kx(td;)

The heat flux at the wall and the overall conductivity
are given below:

J" dr
r-r._J K*(?:@A

HX, ) = (9

L 6T T.—T,
(J((f’) — Ty (TY - r df : (10)
21—1J T
i} KX(I.(f))
and
- 2gH 1 )
K= = (a1
L&m&

We can now obtain the expressions of the math-
ematical expectation and standard deviation of the
above quantities:

r1

E[0CX,§)] = | OX.$)f()dd (12)
JO

mwMzoq@v@ma (13)

m&@n=0&@v@m$ (14)

SDIO(X. )] = {L {0(X. ¢)
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SDg($)} = U {H$)—Elg(@N} 1 () d«ﬁ} " (16)
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Unsteady problem

In the unsteady heat conduction problem, all the
parameters of the porosity distribution remain the
same but we are faced with a more complex governing

equation
(j\(k ?;1;) < (00 (18)
with boundary conditions
T=T, atx=0 (19
T=(T.+T)2 atx=H 20
and initial condition
T=(T,+T,)/2 atr=0, (21

K, is given by equation (4), and (pc),, is assumed to
be a constant parameter of the porous system. In a
typical experiment, the initial temperature and the
temperature at the walls are usually controlled. This
is consistent with our assumption that the initial and
boundary conditions are deterministic, as expressed
by equations (19)-(21).

The non-dimensional form of the governing equa-
tions becomes

(%(K: gi() -2 (222)
with
=0 atX=0, 0=12 atX=1,
and 0 =1/2 atr* =0. (22b)

The system of equations (22a), (23b) constitutes a well-
defined initial value problem. This problem is for-
mulated in terms of a stochastic differential equation
with intrinsic randomness {since K¥is a random func-
tion). Hence, the solution is also expected to be a
random function. We are interested in finding its
mathematical expectation and standard deviation.
The coupling of the random function K¥ (which is a
function of the random variable ¢) and the stochastic
response § makes the problem difficult to handle
unless an explicit solution can be found, as in the case
of the one-dimensional steady heat equation which
we solved previously. However, an explicit solution
like (9) cannot be found in closed form for the
unsteady problem.

Statistical perturbation methods have been used
extensively in the solution of intrinsically random sys-

3145

tems [5-8]. Such approaches hinge on the assumption
that the randomness of a parameter is small relative
to its mean (or deterministic) value. This assumption
decouples the random parameter from the stochastic
response of the system and helps overcome the math-
ematical difficulty of the original problem. In general,
random deviations of parameters are comparable to
their mean values. Since there is no a priori criterion
for the applicability of perturbation methods based
on formal expansion techniques, a new approach has
to be sought.

First, we need to discuss the details of classical
numerical approaches for solving deterministic
differential equations. Equation (22a) is a linear para-
bolic equation with variable coefficients. Employing
second-order finite-difference approximation of the
spatial derivatives, the simplest method for temporal
integration of (22a) is the explicit (forward Euler)
scheme, which is of first-order accuracy in time
-6 o -0
At 2Ax

Or =200 0
(Ax)?

23

where Ax and Ar are the mesh size and the time step,
respectively, so that X =iAx and r* =nAs. The
coefficients 4 and D are functions of the random
variable ¢ and are defined as follows:

~ 0K}
AB =2 s (24)
D(F) = K2y —iane (25)

The Lax equivalence theorem states that, for a well-
posed initial-value problem, stability is a necessary
and sufficient condition for convergence. The stability
conditions for the scheme given by equation (23) are
given by Peyret and Taylor [20]

f 2DA:
—-—— <1 and

5D (A:\)E < (26)

By rearranging equation (23) we have

- A D e 2AtD -
0 = Az[— TAx +M(Ax)2]9” +[~—- (AxFH}}"

(i=23,...,N,=1; rn=23... Ny (27

where (N,, N,) is the total number of grid points in
the (X, r*) space. The grid-function 07 in equation
(27) represents 0(iAx, nAf) in equation (22). The
initial and boundary conditions corresponding to
(22b) are

8l =12 (i=12,...,N) (28)

0r=0,0y =12 (n=12,...,N). (29
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If this was a deterministic problem, ie. if K}¥ was
not a random function, the numerical scheme expres-
sed by equations (27)-(29) would be easily coded
using a conventional language (FORTRAN or C)and
executed on a digital computer. Now that we have
the extra random variable @, we need to invent a
procedure so that the solution is obtained explicitly,
keeping at the same time the functional dependence
on the random variable. Since the solution is given
only numerically, we are motivated to consider (for
the first time) the marriage of numerical and symbolic
manipulation methods. The idea is to use symbolic
computation to obtain an explict form of the solution
with ¢ as a parameter. The details of our approach
are given in the next section.

NUMERICAL-SYMBOLIC COMPUTATION

Symbolic computation is being increasingly used in
various areas of fluid mechanics and heat transfer,
cf. Bau er «l. [21]. Unlike the classical numerical
computation approach which manipulates numbers,
symbolic computation provides the user with tools to
manipulate mathematical expressions symbolically.
Some examples include manipulating algebraic and
trigonometric expressions, integrating and differ-
entiating analytical functions and solving differential
equations analytically under some special cases. There
are currently several symbolic manipulators avail-
able commerically, c.g. REDUCE, MACSYMA,
MATHEMATICA and MAPLE. They all have built-
in capabilities of performing routine mathematical
operations as well as executing algorithms supplied
by the user. Since symbolic manipulators perform
exact mathematical operations, they have been mostly
used for solving analytical equations and deriving per-
turbation expansions, tasks that would otherwise
require tremendous amounts of ‘paper and pencil’
work.

In this study, we explore a new way of applying
symbolic computation to cerfain stochastic problems
which broadens its applicability to enginecring prob-
lems. We usc symbolic computation to solve the one-
dimensional unsteady heat conduction equation with
variable and random conductivity. It will become
obvious that this approach does not have to be restric-
ted to the solution of the heat conduction equation
only. In principle, it can be applied to any differential
equation with random parameters (coefficients) that
is amendable to numerical integration.

In the stochastic modeling of engineering problems,
we are usually interested in the mathematical expec-
tation and the variance of the solution. In the previous
section, we found analytical solutions for the one-
dimensional steady hcat conduction problem (equa-
tions (9)—(11)). We note that the simplest way of find-
ing the mathematical expectation or the standard
deviation of these quantities is by forming certain
integrals with respect to the random variable &, as in
equations (12)-(17). Lacking similar explicit solu-
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tions for the unsteady case, we can instead manipulate
equations (27)—(29), which are explicit finite-differ-
ence approximations of the solution, by using sym-
bolic algebra. Recall that 8(X, 1*} is approximated by
0! which is computed by marching forward in time.
On the right hand side of equation (27), Ax, At are
fixed and 077, 67", #77) are known functions of ¢
from the previous time step. The coefficients 4, D
(defined by equations (24) and (25)) are also functions
of the random variable ¢. Therefore, formal appli-
cation of equation (27) yields 07 as a function of & at
every time step. The random variable ¢, which is
involved in the definition of the coefficients 4 and D
(and consequently in 07 via cquation (27)), enters the
problem through a functional relationship. The role
of symbolic computation is to obtain this functional
relationship in explicit form throughout the numerical
integration via (27).

We used the symbolic manipulation software pack-
age MAPLE (Version 4.2.) [22] on a Sun 3 work-
station. In the following, we briefly outline the coupled
numerical-symbolic scheme for the solution of
(22a), (22b).

1. Read input parameters 7, 4. K;, a, b, ¢, Ax, AL

2. Read functional expressions ¢(x, @), K.(¢).

3. Evaluate coeflicients involved in the governing
equation {22a), in this case K}

4. Develop finite-difference approximations for

80 670 a0
aoxr 4 oy

5. Read initial and boundary conditions. Derive
explicit form for each time step, as in equations (27)—
(29).

6. March forward in time using symbolic manipu-
lations software. Store results for every time step in
Array-D.

7. Read in the probability density function of the
random variable, equation (8).

8. Compute the mathematical expectation and
standard deviation for each element of Array-D and
store in Array-E and Array-SD, respectively.

Each element of Array-D, which is computed in step
6, is a function of the random variable ¢. Generally,
numerical integrations have to be performed in step
8 since the solution is not available in closed-
form. MAPLE has the additional feature of numerical
integration. In reality, since the expression of each
integral can contain thousands of terms, the RAM
space of the Sun 3 computer we used is not enough to
complete the whole computation. It is almost imposs-
ible to accomplish a job with arrays having more than
10 x 10 elements. Here, we used additionally a Cray
Y-MP computer to do the numerical integrations with
a FORTRAN code. Since the typical number of
elements in the Array-D is of order 10% we had to
partition the arrays. Every ten time steps, we had to
store the results from step 6 to Array-D, transfer to
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the Cray for the integrations of step 8, transfer the
results back to the Sun workstation, and use them as
initial conditions for the next 10 steps. The results
eventually converge to the steady state solution as we
show in the following section.

RESULTS AND DISCUSSION

The results for the steady case have been sum-
marized in Figs. 2-5 and Tables 1 and 2. In all the
figures, only half of the packed beds domain is shown
due to the symmetry with respect to the center line.
We examined five different combinations: oil/glass,
water/steel, glycol/steel, glycol/acrylic and water/
acrylic. The thermal conductivities of the solid and
fluid phases are listed in Table 1. For each medium,
two geometries have been studied, y = 0.37, where the
bed width is about 6 times the bead diameter; and
y = 0.074, where the bed width is about 28 times the
bead diameter. It is known that wall effect on the
porosity distribution is felt inside a layer which is
about four bead diameters thick ; the reader is referred
to Fig. I(b). Our results show that the heat conduction
characteristics in the packed beds depend on both 4
and y.

The local effective conductivity computed from
equations (4) and (5) has a mean value that is plotted
in Figs. 2(a) and 3(a). Its standard deviation is plotted

8.0 o)
v=0.37
— oil/glass
2 é 6.0 —0O— water/stesl
5= —8— glycol/steel
o R Y e glycol/acrylic
> ———  water/acrylic
- 2 401
83
8=
-3
c o
o = 4
3 20
£ 3
0.0 — —
(a) 0.0 0.2 0.4 0.6 08 1.0

x/H

16

1.4

1.2

1.0

0.8

061 4/ = A ceeeee-

oil/glass

effective conductivity {W/mK]

standard deviation of the local

—D0—  water/steel
0.4 —&— glycol/stesl
—— glycolarcylic
02 —2&— water/acrylic
0.0 LSSl Sl S S
(b) 0.0 0.2 0.4 0.6 0.8 1.0
x/H

F1G. 2. Local effective conductivity for y = 0.37. (a) Mean
value; (b) standard deviation.
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F1G. 3. Local effective conductivity for y = 0.074. (a) Mean
value ; (b) standard deviation.

in Figs. 2(b) and 3(b). For the same medium, the wall
effect on the mean of the local conductivity increases
as the value of y increases. For the same geometry,
the wall effect is more important for combinations
with 4 much less than O(1), such as water/steel and
glycol/steel. The standard deviation of the local effec-
tive conductivity shows the same trends. It is worth
noting that the deviation can reach as much as 20%
of the mean value.

Figures 4(a), 5(a) give the mean value of the tem-
perature profile. For media with 4 « 1 and y = 0.37
(Fig. 4(a)), wall effects are strongly manifested by
large temperature gradients near the solid wall. The
closer A is to unity, the weaker the wall effect is. This
result agrees with the analysis of Cheng [16]. However,
if 4 exceeds 1, the wall is felt again, but this time, the
temperature profile has the opposite curvature from
the 4 « 1 case, and there is a smaller temperature drop
near the wall. This phenomenon is not observed in
Cheng’s [16] deterministic model. For y = 0.074 (Fig.

-5(a)), the wall effect is same, only weaker. The stan-

dard deviation of the temperature is plotted in Figs.
4(b), 5(b). Observe that the standard deviation is zero
both on the wall (x = 0) and the center line (x = H).
This is a result of deterministic boundary conditions
and the imposed symmetry of the problem. The stan-
dard deviation reaches its maximum value nearer to
the wall for the smaller y case. However, one should
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note that the temperature deviation is only about 1877
relative to its mean value.

The mean values and standard deviations of the net
heat flux and the overall effective conductivity, are
compiled in Table 1 for the same five combinations of
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media and two 7 values. In Table 2, we repeat the
computed conductivity results for each reference (the
two values separated by a slash correspond to y = 0.37
and 7 = 0.074). We also list the range of experimental
estimates of conductivity found in the literature [12,

Table 1. Computed results of average total heat flux, average overall conductivity and their standard deviations

= DyH =037 = DjH = 0.074

Liquid  Solid K K, ;i <¢> SDlgl  <K> SDIK] <{¢> SD[g} <K)> SDIK]
Oil  Glass 015 L 0136 0241 0023 0481 0046 0274 002 0548 0052
Water Steel 0615 6318 001 28 0.519 5599 1039 3689 0709 7378 1417
Glycol Steel 0262 37.39 0007 1320 0256 2641 0512 1766 0356 3532 0.712
Glycol Acrylic 0261  0.16 1.63 0097 0002  0.194 0005 0094 0002 0188  0.005
Water Acrylic  0.63  0.16 3937 0.143 001 0287 002 0133 0.009 0.019

0.266

Table 2. Comparison of computed overall conductivity (K>, maximum theoretical estimate K, max, and
experimental results K exp from refs. [12. 14, 15, 17}, The values separated by slash correspond to
¥ =037y = 0.074

Liquid Solid /.

K, max

(K> SDIK] K.exp
Oil Gilass 0.136 0.481/0.548 0.046/0.052 0.742/0.8 0.47-0.60
Water Steel 0.01 5.599/7.378 1.039/1.417 39.57/43.44 3.30-4.88
Gilyeol Steel 0.007 2.641/3.532 0.512/0.712 23.38/25.68 1.87-2.58
Glyeol Acrylic 1.63 0.194/0.188 0.005/0.005 0.198/0.192 0.21 0.22
Water Acrylic 3.937 0.287/0.266 0.02/0.019 0.337/0.308

0.36-0.48
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14, 15, 17}, as well as an ‘upper bound’ for the con-
ductivity of an equivalent homogeneous packed bed
given by the following expression

K. max = OK,+ (1 -D)K, (30)

® is an average porosity obtained by averaging equa-
tion (7) over the channel width. The two values sep-
arated by a slash and listed under the column K, max
in Table 2 correspond to ® = 0.377 (y = 0.37) and
D =0.316 (y = 0.074). '

Our computations imply that the standard devi-
ation in effective conductivity can be as high as 20%
of the mean value for combinations with 4 « 1. This
exceeds the typical 5-10% experimental error in
reported conductivity measurements [14, 15] and is
consistent with the wide scatter of experimental values
for water/steel packed beds. Another observation con-
cerns the 4 > 1 case. Nield [18] has called attention to
the fact that the measured values by Prasad et al. [17]
exceed the ‘upper bound’ K, max. Our results in Table
2 for glycol/acrylic and water/acrylic explain at least
part of this anomaly. They indicate that the difference
between the expected value (K> and K, max is about
one standard deviation.

A plot of the unsteady temperature profiles is given
in Figs. 6(a)—(c). The mesh size Ax chosen is 0.1 and
the time step Ar is 0.0009, in order to satisfy the
stability conditions (given by equation (6)). Only the
simulation for the combination water/steel with
v = 0.37 is performed. We have only shown the first
190 time steps for both the mean temperature field
(Fig. 6(a)) and its standard deviation (Figs. 6(b),(c)).
The mean temperature field reveals the monotonic
approach of the transient profile from the initially
uniform distribution to the steady state solution. Fig-
ure 6(b) shows the large spike in the standard devi-
ation distribution at the onset. Figure 6(c) gives a
detailed plot of the standard deviation profiles for
large times. The deviation seems to approach the
steady state profile in a non-monotonic fashion. For
each time step, the computation typically takes an
hour of CPU time on the Sun 3 workstation. There-
fore, extensive calculations using the current con-
figuration are difficult at the moment.

CONCLUDING REMARKS

For the first time (according to the present authors’
knowledge), a combination of a numerical scheme
and symbolic manipulation software has been used to
solve a parabolic transport equation with random
conductivity. The equation is discretized on a finite
spatial grid and an explicit integration in time is carried
out symbolically for each time step. Although our
example involves the heat equation in a single spatial
dimension, this approach can be, in principle,
extended to solve a broader class of stochastic partial
differential equations with random coeflicients. More
than one spatial dimensions can be handled provided
explicit temporal schemes are constructed. This seems
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close-up. Each profile in (b) and (c) is marked by a number

which denotes the time instant in 10 As units, i.e. curve 19
corresponds to ¢ = 190 At.

feasible if the symbolic manipulation is carried out on
a supercomputer.

The feasibility of a direct computation of the stat-
istical mean and standard deviation for both steady
and unsteady conduction is demonstrated. Such simu-
lations provide valuable insight into the complex
dynamics of stochastic processes. In addition, the
standard deviation can reveal the reliability of the
mean value when used in engineering estimates. In the
particular case of effective thermal conductivity of
packed beds, we proved that the computed standard
deviation provides an a priori estimate of error.
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In closing, we have proposed a general direct
method for the solution of stochastic problems
governed by partial differential equations with intrin-
sic randomness. The physical problem we chose does
not necessarily demonstrate the superiority of this
approach compared to perturbation schemes [6-8].
Perturbation schemes based on formal asymptotic
expansions still offer an economic alternative pro-
vided their convergence is demonstrated.
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SOLUTION NUMERIQUE DIRECTE DES PROBLEMES DE DIFFUSION AVEC UN
ERREMENT INTRISEQUE

Résume—Un schéma de manipulation hydride numérique- symbolique est développé pour I'analyse des
problémes de diffusion avec errement intriséque. Le schéma est appliqué a ’étude de la conduction
thermique monodimensionnelle dans des lits fixes pleinement saturés de fagon a étudier les effets du
désordre de 'empilement sur la conductivité effective du milieu. La conduction est modélisée par une
€quation parabolique aux dérivées partielles avec une conductivité locale aléatoire. Le hasard provient de
la fluctuation spatiale de la porosité prés des parois solides et dans la région du coeur. En supposant une
certaine distribution statistique de porosité, les problémes de conduction permanente et variable sont
résolus. La solution permanente est utilisée pour obtenir 4 la fois la valeur moyenne et I'écart-type de la
conductivité effective pour un domaine du rapport des conductivités du fluide et du solide. La moyenne et
I'écart-type sont utilisés pour interpréter la dispersion des résultats expérimentaux trouvés dans la littéra-
ture. L'équation de la conduction thermique variable est discrétisée sur une grille spatiale finie et une
intégration explicite dans le temps et conduite symboliquement pour chaque pas de temps.
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DIREKTE NUMERISCHE LOSUNG VON DIFFUSIONSPROBLEMEN MIT
ZUFALLSCHARAKTER

Zusammenfassung—Es wird eine hybride numerisch-symbolische Vorgehensweise bei der Analyse von
Diffusionsproblemen mit Zufallscharakter entwickelt. Das Verfahren wird auf die Untersuchung der
eindimensionalen Wirmeleitung in vollstindig gesittigten Festbetten angewandt, um den EinfluB der
Packungs-Unordnung auf die effektive Wiarmeleitfdhigkeit zu bestimmen. Der Leitvorgang wird mittels
einer parabolischen partiellen Differentialgleichung mit zufilliger 6rtlicher Leitfahigkeit modelliert. Der
Zufallscharakter riihrt von der 6rtlichen Schwankung der Porositdt nahe der festen Begrenzungswand und im
Kerngebiet her. Unter der Voraussetzung einer bestimmten statistischen Verteilung der Porositit werden
stationdre und instationdre Wirmeleitungsprobleme gelost. Mit Hilfe der stationdiren Lsung ergibt sich
sowohl der Mittelwert als auch die Standardabweichung der effektiven Warmeleitfahigkeit in einem weiten
Bereich des Wirmeleitfahigkeitsverhiltnisses von Fluid und Feststoff. Mittelwert und Standardabweichung
werden fiir die Interpretation der Streuung von Versuchsergebnissen aus der Literatur verwendet. Die
Gleichung fir die instationdre Wirmeleitung wird in ein endliches rdumliches Gitter diskretisiert. Die
explizite Integration tiber die Zeit wird symbolisch fiir jeden Zeitschritt ausgefiihrt.

MPSIMOE YHUCJIEHHOE PEIIEHME 3A[JAY JU®®Y3HU C BHYTPEHHENA
XAOTU3ALIMEHA

Amnotamms—/Ina ananu3sa 3anay auddy3un ¢ BHyTpeHHel xaoTusanmell paspaborana rubpuanas cxema
YHCIEHHO-ONIEPAaTOPHBIX Npeobpa3opaHuit. CxemMa MCIIONBb3yeTCS NMPH HCCIEJIOBAHMHM OJHOMEDHOM Ten-
JIONPOBOJHOCTH B NMOJHOCTBIO HACBHIIIEHHBIX IUIOTHBIX CJIOAX C LEIbLIO M3YHEHHA BJIMAHHS HEyNOpPSIO-
YeHHOCTH yNakoBKH Ha 3(dekTHBHbIH K0dpduImenT TennonpoBoaAHOCTH cpenbl. TemnonpoBoAHOCTH
MoJleJIHpyeTcsl NMapaGonHYecKuM YPaBHEHHEM B YACTHBLIX NPOM3BOIHBIX CO CIYYAHBIM JIOKAJIbHBIM
k03 HHUHEHTOM TEIUTONPOBOAHOCTH. XaOTHYHOCTL BO3HHUKAET BCJIEACTBHE MIPOCTPAHCTBHHEIX (iykTya-
1M MOPO3HOCTH Y TBEPALIX CTEHOK K B 00beMe. B nmpeanonokeHuy CTATHCTHYECKOTO pAaclpenesieHus
MOPO3HOCTH PEIIAIOTCH CTAMOHAPHBIE H HECTALMOHAPHBIE 3afaYH TeI1onposoaHocTH. CraipMonapHoe
pellleHHe HCIOJb3YeTCH [UIA HaXOXKAEHNS CPENHEr0o 3HAYEHMS ¥ CTAHAAPTHOrO OTKJIOHEHMs pdekTHB-
Horo ko3(pdHureHTa TEMIIONPOBOIHOCTH B MCCIELYEMOM OHMANA30HE OTHOLUCHHH TEILIONpOBOXHOCTEH
XHAKOCTH M TBepHOro Tesa. CpeHee H CTAHAAPTHOE OTKJIOHEHHS HCMOJIBb3YIOTCH 11 0OBACHEHNS pa36-
poca MMEIOLIMXCS B JIMTEPATYpE IKCNEPHMEHTAIbHBIX JaHHbIX. HecTalMoHapHOe ypaBHEHHE TEILIONpPO-
BOJHOCTH OHCKPETH3HPYETCH C NOMOIUBIO MPOCTPAHCTBEHHOM CETKH, M OMEPATOPHBIM METOAOM
OCYLHECTB/IAETCH HHTETPHPOBAHHE HAa KAXKIOM BPEMEHHOM 1uiare.
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